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We investigate the nucleon and pion gluon distribution functions in the framework of holographic
QCD, focusing on the small Bjorken x region. Based on an approximate relation, the gluon distribu-
tions are extracted from structure functions of the unpolarized deep inelastic scattering which can
be calculated with a holographic QCD model, assuming the Pomeron exchange. All the adjustable
parameters of the model are determined with the HERA data of the proton structure functions. We
explicitly show that the extracted proton gluon distribution is consistent with results of the recent
global QCD analysis. The structure functions of the pion can be computed without any additional
parameter, which enables us to predict its gluon distribution also. We find that the resulting pion
gluon density is smaller than the proton’s, and agrees with the recent global QCD analysis result
within the uncertainties.
INTRODUCTION
Understanding the nucleon structure is one of the most
important research topics in fundamental science, and
tremendous efforts have been done to deepen our knowl-
edge over several decades. The quark-gluon structure
of the nucleon is usually encoded into the parton distri-
bution functions (PDFs) which are expressed with two
kinematic variables, the Bjorken scaling variable x and
the probe scale Q2. The PDFs are required as inputs to
make theoretical predictions or perform numerical simu-
lations for high energy scattering phenomena. The study
of PDFs in the wide x and Q2 regime has provided us
with great opportunities to improve our understandings
about the various aspects of QCD.
To determine the PDFs, the global QCD analysis, uti-
lizing high energy scattering data, is the most straight-
forward and reasonable way. In particular, high statistics
and high precision date of the deep inelastic scattering
(DIS) have played a crucial role in such analysis. Via
the unpolarized lepton-nucleon DIS, the two indepen-
dent structure functions, F2(x,Q
2) and FL(x,Q
2), can
be measured, and from these one can extract the infor-
mation for PDFs, utilizing the formulae derived based on
the perturbative technique of QCD. Taking into account
the recent high energy scattering data, including the DIS
at HERA and the relevant events at LHC, various col-
laborations have performed the global QCD analysis to
determine the proton PDFs [1–5].
Those efforts have gradually improved our knowledge
about PDFs. However, pinning down the gluon distri-
bution, which is dominant in the small x region, is still
extremely difficult due to the nonperturbative nature of
QCD. To extract the gluon distribution, the precise mea-
surement of the longitudinal structure function FL is es-
sential. In leading twist and next to leading order (NLO)
QCD, FL can be expressed by the sum of two terms,
which include F2 and the gluon distribution function, re-
spectively, and the contribution from the latter term is
dominant at small x [6]. Since both FL and the gluon
distribution function are highly nonperturbative physi-
cal quantities, in principle they are not calculable by the
direct use of QCD. Furthermore, although there are avail-
able FL data, those have large errors. These facts cause
the huge uncertainties which can be seen in the preceding
studies based on the global QCD analysis.
In this work, we investigate the gluon distribution
at small x by calculating the DIS structure functions
in the framework of holographic QCD [7–14], which is
constructed based on the AdS/CFT correspondence [15–
17], and applying an approximate relation between those
structure functions and the gluon distribution. It has
been known that the Pomeron exchange picture well de-
scribes cross sections of various high energy scattering
processes including DIS at small x [18–20]. The Pomeron
exchange in QCD is interpreted as the Reggeized graviton
exchange in the corresponding gravity theory. Polchin-
ski and Strassler first studied the high energy scattering
based on the AdS/CFT correspondence [21], and sub-
sequently a lot of related studies have been done [22–
39]. In particular, Brower, Polchinski, Strassler, and Tan
(BPST) performed the gauge/string duality based anal-
ysis, and proposed a kernel which gives the Pomeron ex-
change contribution to high energy scattering cross sec-
tions [24]. This kernel has successfully been applied to
the analysis of DIS at small x [32, 33, 35–37] and high
energy hadron-hadron scattering [38] so far.
In our model setup, the Pomeron exchange is described
by the BPST kernel, and the wave functions of the U(1)
vector field, which were derived in Ref. [22], is applied
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2to describe the virtual photon in the five-dimensional
AdS space. For the Pomeron-nucleon coupling, we adopt
the nucleon gravitational form factor which can be ob-
tained from the bottom-up AdS/QCD model [40, 41].
There are four adjustable parameters in the model, which
are to be determined with the HERA data for both the
F2 and FL structure functions, focusing on the highly
nonperturbative kinematic regime, where x ≤ 10−2 and
Q2 ≤ 10 GeV2. We will explicitly show that the consid-
ered data are well reproduced within the model. Then,
utilizing the approximate relation proposed by the au-
thors of Ref. [42], we extract the gluon distribution from
the resulting structure functions. This extraction can be
done without any additional parameter. It will be pre-
sented that our prediction is consistent with results of
the recent global QCD analysis.
Furthermore, we also investigate the gluon distribution
of the pion in the framework. Once all the model param-
eters are determined by the fit with the proton DIS data,
the pion structure functions can be calculated without
any additional parameter in the chiral limit. Hence, the
pion gluon distribution can also be predicted, and we
find that the resulting gluon density is smaller than the
proton’s. Recently, the first Monte Carlo global analysis
of the pion PDFs was performed [43]. It will be shown
that our prediction agrees with their result within the
uncertainties.
THEORETICAL FRAMEWORK
In the quark-parton model, the longitudinal structure
function FL(x,Q
2) vanishes, which means that the origin
of the experimentally observed finite FL is higher order
effects of QCD. In leading twist and NLO QCD, FL is
expressed in terms of F2 and the gluon distribution func-
tion g(x,Q2) by [6]
FL
(
x,Q2
)
=
αs
(
Q2
)
4pi
(
16
3
IF + 8
∑
i
e2i IG
)
, (1)
IF =
∫ 1
x
dy
y
(
x
y
)2
F2
(
y,Q2
)
, (2)
IG =
∫ 1
x
dy
y
(
x
y
)2(
1− x
y
)
G (y,Q2) , (3)
where G(y,Q2) = yg(y,Q2) and αs and ei are the QCD
coupling and the quark charge, respectively.
Substituting y = x/(1−z), Eqs. (2) and (3) are rewrit-
ten as
IF =
∫ 1−x
0
dz (1− z)F2
(
x
1− z
)
, (4)
IG =
∫ 1−x
0
dzz (1− z)G
(
x
1− z
)
, (5)
respectively. When x is small enough, F2 and G in the
above equations can be expanded. Hence, following the
procedures presented in Ref. [42], IF and IG are ex-
pressed as IF ≈ F2(2x)/2 and IG ≈ G (x/0.4) /5.9, re-
spectively. Therefore, one obtains the approximate re-
lation between the gluon distribution function and the
structure functions:
xg
(
x,Q2
)
≈ 5.9
[
pi
2αs (Q2)
FL
(
0.4x,Q2
)− 1
3
F2
(
0.8x,Q2
)]
/
∑
i
e2i .
(6)
Due to the relatively large magnitude of the coefficient
multiplying FL, it is understood that the gluon distri-
bution is mainly dependent on FL. However, since the
contribution from F2 term is not negligibly small, we con-
sider the both structure functions to numerically evaluate
the gluon distribution in this study.
Those DIS structure functions at small x can be cal-
culated in the framework of holographic QCD, assuming
the Pomeron exchange in the five-dimensional AdS space.
Employing the BPST kernel denoted by χ [24], the scat-
tering amplitude of a two-body process, 1 + 2→ 3 + 4, is
expressed in the eikonal representation as
A(s, t) =2is
∫
d2beik⊥·b
∫
dzdz′
× P13(z)P24(z′)
[
1− eiχ(s,b,z,z′)
]
, (7)
where s and t are the Mandelstam variables, b is the two-
dimensional impact parameter, z(z′) are the fifth coor-
dinates for the incident(target) particles, and P13(z) and
P24(z
′) represent the density distributions of the involved
two particles in the AdS space.
To obtain the structure functions, we consider the to-
tal cross section of the forward scattering by applying the
optical theorem. Keeping only the leading contribution
from the kernel, the Pomeron exchange contribution is
expressed by the imaginary part of the kernel. In the
conformal limit, the analytical form of Imχ can be ob-
tained, and the impact parameter integration in Eq. (7)
can also be performed analytically [24, 28]. Hence, the
structure functions are written as
Fi(x,Q
2) =
g20ρ
3/2Q2
32pi5/2
∫
dzdz′P (i)13 (z,Q
2)P24(z
′)
× (zz′)Im[χc(s, z, z′)], (8)
Im[χc(s, z, z
′)] ≡ e(1−ρ)τe−[(log2 z/z′)/ρτ]/τ1/2, (9)
where i = 2, L and τ = log(ρzz′s/2). g20 and ρ are
adjustable parameters which control the magnitude and
the energy dependence of the structure functions, respec-
tively.
In the preceding studies [32, 33, 35], it was shown that
the inclusion of the confinement effect in QCD is nec-
essary to reproduce the proton structure function data
3with the BPST kernel, unless we consider the high Q2
region. Therefore, instead of the conformal kernel, to
numerically evaluate the structure functions we employ
the modified kernel:
Im[χmod(s, z, z
′)] ≡ Im[χc(s, z, z′)]
+ F(s, z, z′)Im[χc(s, z, z0z′0/z′)],
(10)
F(s, z, z′) = 1− 2√ρpiτeη2erfc(η), (11)
η =
(
− log zz
′
z0z′0
+ ρτ
)
/
√
ρτ, (12)
where z0(z
′
0) are the cutoffs of the fifth coordinates. Note
that z0 is one of the adjustable parameters of the model,
but z′0 is uniquely fixed with hadron masses. The first
term in the right-hand side of Eq. (10) is exactly the same
as the conformal kernel, and the second term mimics the
confinement effect with the same functional form.
To numerically evaluate the structure functions, one
needs to specify the density distributions, P
(i)
13 (z,Q
2) and
P24(z
′) in Eq. (8). For the probe photon, we apply the
wave functions of the five-dimensional U(1) vector field
with a weight w on its longitudinal component:
P
(2)
13 (z,Q
2) = Q2z
[
wK20 (Qz) +K
2
1 (Qz)
]
, (13)
P
(L)
13 (z,Q
2) = wQ2zK20 (Qz), (14)
where K0(1) are the modified Bessel functions of the sec-
ond kind. When w = 1, the results presented in Ref. [22],
which satisfy the Maxwell equation in the bulk AdS
space, are recovered. It has been known that their re-
sults are useful to reproduce the experimental data of
proton F2, however, the resulting FL is somewhat larger
than the data. This can be seen in the observations
that the experimentally favored value of the longitudinal-
to-transverse ratio, R = FL/FT = 0.26 [44], is obvi-
ously smaller compared to the theoretical predictions,
0.3 . R . 0.5 [31, 32, 35, 37]. Hence, as a simple ansatz,
we introduce the weight, which is to be determined with
the data, in this study.
For the density distributions of the target hadrons,
P24(z
′) in Eq. (8), we apply the gravitational form factors
which can be obtained with the bottom-up AdS/QCD
models [40, 41]. As discussed in Refs. [45–48], in the
model the nucleon is described as a solution to the five-
dimensional Dirac equation. The density distribution of
the proton is given in terms of the Bessel functions by [33]
Pp(z) =
1
2z3
[
ψ2L(z) + ψ
2
R(z)
]
, (15)
ψL(z) =
√
2z2J2(mpz)
z0J2(mpz
p
0)
, ψR(z) =
√
2z2J1(mpz)
z0J2(mpz
p
0)
, (16)
where ψL(R) are the left-handed and right-handed com-
ponents of the Dirac field, respectively, and the cutoff pa-
rameter zp0 is fixed with the proton mass mp by the condi-
tion, J1(mpz
p
0) = 0. Utilizing the bottom-up AdS/QCD
model of mesons [11], the analytical form of the pion
wave function can be obtained in the chiral limit. The
density distribution of the pion is expressed with Bessel
functions as [33]
Ppi(z) =
[∂zΨ(z)]
2
4pi2f2piz
+
σ2z6Ψ(z)2
f2piz
3
, (17)
Ψ (z) = zΓ
[
2
3
](α
2
)1/3 [
I−1/3
(
αz3
)
− I1/3
(
αz3
) I2/3 (α(zpi0 )3)
I−2/3 (α(zpi0 )3)
]
, (18)
where fpi is the pion decay constant, α = 2piσ/3, and
σ = (332 MeV)3 is used in this study. zpi0 is the cutoff
parameter which is uniquely fixed with the ρ meson mass
mρ by the condition, J0(mρz
pi
0 ) = 0.
NUMERICAL RESULTS AND DISCUSSION
In the model setup, there are four adjustable param-
eters in total, which are determined by a numerical fit,
considering the HERA data for both the proton F2 [49]
and FL [44] structure functions simultaneously in the
kinematic regime, where x ≤ 10−2 and Q2 ≤ 10 GeV2.
For this procedure, the MINUIT package [50] is used.
The resulting best fit values of the parameters are found
to be: g20 = 162.15 ± 6.71, ρ = 0.7798 ± 0.0021, z0 =
3.059 ± 0.079, w = 0.6198 ± 0.0923, and the chi-square
value per degree of freedom is χ2d.o.f. = 1.295 (240.8/186).
We show in Fig. 1 and Fig. 2 the resulting F2 and FL
structure functions of the proton, respectively, compared
to the HERA data. It is seen that the both F2 and FL
data in the whole considered kinematic regime are well
described by the model.
Once all the four model parameters are determined
with the data, we can extract the proton gluon distribu-
tion via Eq. (6) from the obtained structure functions. To
do this, we consider the four flavor case, and utilize the
approximate NLO solution to the renormalization group
equation to calculate αs(Q
2) (see Ref. [51] for instance)
in this study. We display in Fig. 3 the x dependence of
the resulting proton gluon distribution at Q2 = 10 GeV2,
compared to the recent global QCD analysis results. One
can see from the figure that our calculation is consistent
with those results in the whole considered region within
the uncertainties.
Using Eq. (17), instead of Eq. (15), as the target
hadron density distribution, we can obtain the pion
structure functions, and then extract its gluon distribu-
tion xgpi(x,Q2) without any additional parameter. We
present our prediction at Q2 = 10 GeV2 in Fig. 4. It is
seen from the comparison that our prediction agrees with
the JAM result in the whole considered x region within
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FIG. 1. F p2 (x,Q
2) as a function of the Bjorken x for various
Q2. Our calculations are denoted by solid curves with blue
bands representing the uncertainties. The HERA data [49]
are depicted by circles with error bars. For a display purpose,
the absolute magnitudes are scaled by a factor 3i.
the uncertainties, although the GRS result is substan-
tially larger than the others. Also, it should be noted
that in our results the mean value of xgpi is obviously
smaller than that of xgp in the considered x range.
Finally, we make remarks for further improvements.
Although this is the first study of the gluon distribu-
tions in the framework of holographic QCD, we obtained
reasonable results which are consistent with the recent
global QCD analysis. However, improving the model it-
self may be possible. In this work, we only focused on
the single-Pomeron exchange, and adopted the hard-wall
AdS/QCD models to obtain the target hadron density
distributions. The multi-Pomeron exchange, the soft-
wall versions, and the physical pion case shall be consid-
ered. Also, selecting the considered Q2 range may affect
the results. In fact, if we cut the low Q2 (. 1 GeV2) data
and consider the slightly larger Q2 (. 20 GeV2) region,
the resulting χ2d.o.f. is significantly improved. Further
studies would also help to better understand the applica-
ble limit of the model. Moreover, the importance of the
further measurements of the longitudinal structure func-
tion should be emphasized. Since the errors of FL data
considered in this study are large, the lepton-nucleon DIS
experiment is still necessary to deepen our understand-
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FIG. 2. F pL(x,Q
2) as a function of the Bjorken x for various
Q2. Our calculations are denoted by solid curves with blue
bands representing the uncertainties. The HERA data [44]
are depicted by circles with error bars.
ings about the nucleon structure in the small Bjorken x
region.
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FIG. 3. The proton gluon distribution xgp(x,Q2) as a func-
tion of the Bjorken x at Q2 = 10 GeV2. The yellow, blue,
and red bands represent our calculation and the global QCD
analysis results of the NNPDF [4] and CTEQ-TEA [5] collab-
orations, respectively, with the 68% C.L. uncertainties.
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FIG. 4. The pion gluon distribution xgpi(x,Q2) as a function
of the Bjorken x at Q2 = 10 GeV2. The yellow and blue
bands represent our calculation and the global QCD analysis
result of the JAM collaboration [43], respectively, with the
68% C.L. uncertainties. The red curve depicts the result of
GRS [52].
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